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Abstract

A simplified two-dimensional modelling approach to predict the vibration response of mannequin
occupied car seats about a static settling point is demonstrated to be feasible. The goal of the research is to
develop tools for car seat designers. The two-dimensional model, consisting of interconnected masses,
springs and dampers is non-linear due to geometric effects but, under the excitations considered, the model
behaviour is linear. In this approach to modelling, the full system is initially broken down into subsystems,
and experiments are conducted with subsystems to determine approximate values for the stiffness and
damping parameters. This approach is necessary because of the highly non-linear behaviour of foam where
stiffness changes with compression level, and because the simplified model contains more structure than is
necessary to model the relatively simple measured frequency response behaviour, thus requiring a good
initial starting point from which to vary parameters. A detailed study of the effects of changing model
parameters on the natural frequencies, the mode shapes and resonance locations in frequency response
functions is given, highlighting the influence of particular model parameters on features in the seat—
mannequin system’s vibration response. Reasonable qualitative as well as good quantitative agreement
between experimental and simulation frequency response estimates is obtained. In particular, the two-
dimensional motions at the peaks in the frequency response, a combination of up and down and rotational
behaviour is predicted well by the model. Currently research is underway to develop a similar model with
non-linear springs, surface friction effects and viscoelastic elements, that predicts the static settling point, a
necessary step to aid in the subsystem modelling stage in this dynamic modelling approach.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Car seat design is currently mostly done from experience. Both the static and dynamic response
characteristics of occupied seats are important. However, in this paper only the dynamic response
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is focused on. Mostly, the dynamic response of seats is evaluated through tests on occupied seats
where the acceleration is measured at the floor and at the seat base [1-5]. A ratio of the total
weighted acceleration power at the seat base to the weighted acceleration power at the floor can be
used to determine a SEAT value [1, Chapter 9, p. 405]. Car seat manufacturers would like to
enhance their analytical capabilities to be able to predict seat performance prior to prototyping,
and to be able to explore the effect of seat or occupant variation on the overall response. It is
possible to modify the seating foam to produce different stiffness properties, but designers lack the
tools to determine what stiffness variations are desirable for particular occupants. The overall
objective of the research is to generate simplified two-dimensional models that predict, with
reasonable accuracy, seat—occupant system dynamics and can also be used by engineers
developing and troubleshooting automobile seat designs. With this objective, it is important that
the elements in the model can be directly related to seat characteristics, e.g., stiffness of the foam
at various locations in the seat cushion and seat back, and that it be possible to examine the effect
of changes in posture and weight distribution of the occupant. The research reported in this paper
is focused on modelling of seat—occupant vibration around a static settling point. Other research,
not reported here, is focused on predicting the static settling point.

Many car seats consist mainly of moulded polyurethane foam blocks. Foam is a complex
material that is highly non-linear, for example, the stiffness changes as a function of compression
level, initially stiff then becoming soft and finally becoming stiff again as compression increases
[6-10]. Different occupants will produce different levels of compression across the seat, and thus
the stiffness of the seat will be different for different occupants and even for the same occupant
seated in a different position. This variation can have a dramatic effect on the measured vibration
responses. Foam also has a very long memory and it takes many hours for both static and
dynamic steady state conditions to be achieved e.g., Refs. [7,11]. After a period of testing foam
can take over 2 days to recover. If seat evaluation tests are not run until the occupant—seat system
reaches steady state, then the measurements must be made at the same time in the testing
procedure to achieve good repeatability. Foam properties are also sensitive to temperature and
humidity [12,13], so tests should be conducted in controlled environmental conditions, and the
heating of the seat from the occupant will affect the dynamic properties of the foam. All these
properties of foam make it difficult to achieve repeatable results when conducting experiments.

The complexity and non-linear behaviour of the human body, see for example Ref. [1, pp.
367-369, 397], are used as arguments against the use of dummies or mannequins in place of
humans in seats, and certainly the response of the human-in-seat system will differ from the
mannequin-in-seat system [14,15]. Because of the complexities of foam behaviour, it is attractive
to use mannequin-in-seat systems because it is much easier to control experimental parameters,
and make sure that the foam deflection is consistent from test to test. Under these controlled
conditions, it is possible to make consistent comparisons between two seats. This still leaves the
problem of translating the differences in mannequin response into differences in human response
unaddressed. Measurements of the frequency response functions of humans in seats e.g., Refs.
[1,16] and mannequins in seats [17] exhibit very similar features including the number of peaks
and spectral roll-off characteristics. Peak locations differ, but this is expected due to weight
distribution and foam compression levels, clothing, posture, and seat type. A careful comparison
of experimental results where all these features are controlled does not currently appear in the
literature.
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So the experimental approaches, either with humans or with mannequins, have their
drawbacks. The seat designer would like to be able to do much of the seat design prior to
making the seat, thus there is a need for analytical models to replace some of the experimentation.
After prototyping, experimentation will still be required and thus the issues discussed above still
need to be addressed. However, this paper is focused on a methodology that may be used to model
a seat—occupant system undergoing base vibration. For design a model needs to be complex
enough so that components in the model relate to physical properties that can be tuned in the seat
manufacture, and simple enough to facilitate exploring the effects of parameter and component
variation. While finite element models are being developed [18] and have been shown to work well
in predicting static deflections, they currently are not sufficiently developed to predict the dynamic
response accurately. When they are sufficiently sophisticated to do the dynamic predictions well,
they will still be highly computationally intensive and parameter variation studies will be time-
consuming and unwieldy for design. Thus, currently there is a need for simplified vibration models
of seat—occupant systems.

The models described in this paper are two dimensional, planar models based on those of
Nishyama [19-23] with some modifications introduced because of seat behaviour observed during
experiments. The methodology is applied to a mannequin occupied seat system and it is
conceivable that a similar approach may be useful for developing a simplified model of a human
occupied seat system. The measured frequency responses of car-seat occupants are usually
relatively simple with few peaks [16], and some researchers have used as little as two-degree-of-
freedom models to fit to these frequency response functions. Others have used simple mass—
spring—damper models [24-29], but it is often difficult to relate the components of these models
directly to seat characteristics in a way that would be useful in seat design. A comprehensive
review of the one-dimensional biodynamic human body models for this car-seat application is
given by Boileau et al., in Ref. [30]. One of these one-dimensional models, the Suggs model, is used
by Patten and Pang [31] who combined it with Patten’s non-linear model of polyurethane foam
[10] to predict vertical frequency response behaviour of a seat occupant. While illustrating the
well-known non-linear behaviour of the polyurthane foam, (softening with increased amplitude of
excitation) this model does not explain the two-dimensional dynamics experienced by seat
occupants. As a side note, Mansfied and Griffin [32] also showed softening behaviour when
measuring the response of 12 subjects seated on a seat (no seat back), but that behaviour was
attributed to biodynamic effects. They also measured fore—aft response to a vertical excitation, a
confirmation of the need for two-dimensional modelling approaches. The simplified two-
dimensional model in this paper contains the basic components of the seat and the occupant and
models the interaction (foam and soft tissue) between the two with several springs and dampers.
There are geometric non-linearities in the system but the springs and dampers are assumed to be
linear. This type of model is valid about an operating point and within a range of excitation levels.
It has been observed that at the vibration levels typically encountered in highway driving, there is
a high degree of coherence between the seat excitation and the occupant response and the
relationship can be described well by a (linear) frequency response function. This is a seven-
degree-of-freedom planar model and thus to produce a good fit of this model to measured data
that appears much less complex, reasonable starting points for parameter values must be
determined. Simply allowing the parameters to vary from random initializations may lead to
unrealistic parameter values and incorrect deflection shapes. Tregoubov has pointed out a similar
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problem when fitting complex one-dimensional biodynamic models to measured data [33]. A
systematic way of finding good starting values through the use of tests on sub-components of the
system is described and applied to the mannequin occupied seat system.

While the model is termed simplified, its behaviour is quite complex because of the strong
interactions between components. The effects of many parameter variations were studied and
subsets of these tests are reported in this paper. It is clear from the parameter variation studies
that simplistic reasoning based on single-degree-of-freedom behaviour is not sufficient to predict
the effect of changing a particular parameter in this more complicated model. This is a strong
argument for the use of models in seat design to help designers understand the implications of
making changes to the stiffness and damping properties of the foam.

This paper contains a description of what is required to produce a simplified model of a seat—
occupant system that would be useful for a car seat designer to explore the effect of changing seat
characteristics such as stiffness and damping. Whether the occupant be a mannequin or a human,
a process similar to the one described is necessary if one wishes to produce good modelling tools
for design prior to fabrication of prototypes.

2. The model of the seat and mannequin

The modelling approach followed here is along the lines of Nishiyama [20-22]. Based on
observations of a seated mannequin’s response to harmonic excitation near resonance, some
modifications were made to the basic model. The geometric parameters of the model are defined in
Fig. 1a, and the spring, mass, dashpot properties are defined in Fig. 1b. It was observed that at
certain resonant frequencies there was significant seat back motion, whereas in Nishiyama’s
model the seat back was assumed to be rigidly connected to seat base. Thus, a torsional spring (k)
was added to this connection in the present model. In some other experiments on the subsystem
consisting of the seat cushion and part of the mannequin it was observed (see Section 3.4.1) that
the two springs (k3 and k4) and dampers (¢3 and ¢4), modelling the mannequin and seat cushion
interaction, could not be collocated, as indicated by Nishiyama, and still correctly predict the
natural frequencies and modal deformations of a loaded seat cushion. Some flexibility in the
locations of these spring and damper elements was introduced so that this subsystem experiment-
model mismatch could be eliminated. In the experimental configuration, the lower part of the
mannequin’s back did not usually touch the seat back. However, k, and ¢,, which could be viewed
as modelling the lower seat back mannequin interaction, were included in the model so that their
influence could be examined. The variables k; and ¢; model the interaction between the upper
torso of the mannequin and the upper seat back. Similarly, the variables ks and ¢s model the
interaction of the foot with the floor. The only forcing considered here is a vertical base
acceleration (%) imparted to the bottom of the seat simulating the motion of the rigid seat rails in
an automobile. This is in keeping with the experimental component of the research reported here
wherein the seat—mannequin system is mounted on a single axis hydraulic shaker and excited with
low-frequency random noise. As in Nishiyama’s work, the behaviour of the mannequin’s neck,
hip and knee joints was modelled by torsional dampers (7, 7> and T3) with appropriate torque—
velocity relationships.
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(b)

Fig. 1. Schematic of seven-degree-of-freedom model of the car seat and mannequin system. (a) Geometry and notation
definition, (b) dynamic properties.

2.1. Equations of motion

All the springs and dampers, with the exception of the torsional dampers, are assumed to be
linear in the modelling effort. The non-linearities in the system model come from the mannequin
and seat geometry, and from the non-linear torsional dampers in the joints. The seat-mannequin
system has seven-degrees-of-freedom: &, the absolute horizontal displacement of the hip joint;
{, the absolute vertical displacement of the hip joint; @), the absolute angular deflection of the
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neck; @,, the absolute angular deflection of the torso; @3, the absolute angular deflection of the
femur; @4, the absolute angular deflection of the knee; @, the absolute angular deflection of the
seat back joint; and Z, the vertical acceleration input to the seat rails. The other parameters of
geometric dimensions, masses, and mass moments of inertia, are given in Table A.l in
Appendix A.

The equations of motion of the seven-degree-of-freedom model are derived by using the
Lagrangian formulation. The kinetic energy, T, potential energy, U, dissipation function, D and
generalized forces, Q,, of the whole system are

4 4
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(xi,z;), i =1, 2, 3, 4, 5 define the locations of the centres of mass of the corresponding mannequin
components. J;, i = 1, 2, 3, 4, 5 define the length changes in the elastic elements. Expressions for
the joint torques, 7T;, are given in Eq. (4). Substituting Eq. (1) into Lagrange’s equations:
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results in the following set of seven non-linear second order differential equations for the seven
generalized co-ordinates &, {, @1, ©,, @3, O4, and O:
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where
Ay = M,sin @, Ay = (M3 + M) sin ®,, Az = (My + M7) sin @3, A4 = M;5sin Oy,

As = M> cos O @% + (M3 4+ M) cos ©; @% + (M4 4+ M7)cos O3 @% + M5 cos @4 @ﬁ — A%,
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The 4 term in the above expressions is defined in Appendix B, and the mass parameters, M;, are
My, =mly, Mz =mb, Msy=msly, Ms=muls, Mc=m(L+15), M;=myls+1I),

Mg =mli(h+15), My=mls(ls+15), Myo=15L+ml, My=D5L-+m(h+5h)?+mb,
M, =15+ my(ly + 15)2 +m312, Mz =14+ Wl412, M, =my +my + m3 + my.

As in Nishiyama’s work [20-22], the following equations were used to model the friction
moments associated with each joint:

20:
T; = Tmax,i tanh( @

>, i:1,2,3, and wi:@i—@i+1, (4)
Wi

where Tax.1> Tonax.2> Tmax3 and w; o are constants. Nishyama specified the values 7,1 = 3.920 Nm,
Tmax2 = 35.280Nm, T3 = 14.112Nm and w;o = 0.349rad/s, which are most likely not
appropriate for the present mannequin. The first, second and third joints of the mannequin are
the neck, hip and knee, respectively, and the rotational variables in the equations (€;) are defined
above.
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Eq. (3) was used to simulate the system response for a given vertical base acceleration, Z. The
simulation was programmed using MATLAB. The program was based on the fourth order
Runge—Kutta integration scheme in MATLAB. Equispaced time samples were used so that
frequency response functions, between the base excitation and the motions at various locations on
the body, could be estimated, and compared to experimental results.

2.2. Linearized equations of motion

In general, the response of a non-linear multi-degree-of-freedom system to a random or
deterministic excitation can only be evaluated by numerical simulation. Such an analysis, though
realistic, does not allow the analyst to develop an in-depth understanding of the system dynamics.
The non-linear simulation is also very time consuming because the results of a large number of
simulations are needed to obtain a clear picture of the response dependence on model parameters.
Thus, in order to reduce the analysis time for the dynamic simulations, as well as to calculate the
more familiar modal properties such as the undamped natural frequencies and the mode shapes of
the seat-mannequin system, linear equations of motion were derived. The geometric non-
linearities were simplified by assuming small motions about the specified nominal configurations,
by expanding in a Taylor series, and then retaining only linear terms in the small motion variables.
In this process, the following simplifications were made:

sin @}~ 0!, cosOi;x1, sinO;=sin(O;+ O)~ sinO; + cos O - O,
cos ©; = cos(O + O))xcos Oy — sin Oy - O, (5)

VIt xx 14+ 2 6)
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This linearization produces the following set of equations:
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where the terms in the coefficient matrices are defined earlier or are given in Appendix C. The 0 in
the subscript denotes the nominal configuration value of the angles and a primed variable is the
perturbation around the nominal value. For example, ®;, denotes the initial nominal value of ©;,
and @’ denotes the small perturbation around the nominal value.

The linear Eq. (8) depend on (1) the mass and inertia parameters for the mannequin; (2) the
geometric parameters of the model; (3) the initial posture parameters; (4) the spring and damper
constants modelling the car seat bottom and back-cushion; as well as, (5) the parameters defining
the friction torques at the joints in the mannequin. The physical and geometrical parameters, as
given in Appendix A, were available for the mannequin either from the manufacturer or by direct
measurement. Parameter values in the models of the four springs and dampers that represent the
car seat back and seat cushion interacting with the mannequin: ki, k3, k4, ks, ¢, ¢3, ¢4 and ¢5 had
to be estimated from experiments which are described in the next section.

2.3. Undamped natural frequencies, deflection shapes, and frequency response functions

Eq. (8) can be written as
MXx + Cx + Kx = 2P )

and can be used to calculate the undamped natural frequencies (w;) by determining the
eigenvalues (/;) of the matrix M 'K and noting that w; = (4;)">. The eigenvectors of this matrix
M 'K can then be used to generate the mode shapes of the linear undamped model.

When two linear natural modes are close together and damping is significant, the deflection
shape at a peak in the frequency response function is highly influenced by more than one
undamped natural mode of the system. Therefore, in order to correlate the model predictions with
observed motions at certain frequencies, it is useful to determine the response to a sinusoidal
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excitation. This was achieved by assuming that the excitation to the seat base is harmonic:
z(t) = exp(jwt), and finding, from Eq. (8), the amplitude and phase change of the response of each
of the degrees of freedom. By using these results, the deflection of each point on the body was
calculated and the operating deflection shapes were obtained.

The Laplace transform of the linearized equations including the damping terms can be used to
determine the transfer functions between the base excitation and the responses. Taking the
Laplace transform of Eq. (9), and assuming zero initial conditions, yields

X(s) = [Ms®> + Cs + K] [’ Z(s)P], (10)

where X(s)" is {{(s), &(s), ©1(s), O(s), O3(s), O4(s), Oy(s)}. The frequency response function
relating the base acceleration to the second derivative of the state parameters {{, &, @, ©,, O3,
@4, O} can be found by substituting s = jw into the above equation, which yields the frequency
response function vector,

H(jo) = [-o*M + joC + K] {—o’P}. (11)

In experiments, ¢+ Z, the absolute vertical acceleration at the hip joint, is measured. The
frequency response function relating base acceleration (2) to absolute vertical acceleration is
simply calculated by adding 1 to the corresponding relative motion frequency response function.

3. Mannequin and seat properties and initial model parameters
3.1. Experimental set-up and measurements

Car-seat foam behaviour is complex and realistic models of the foam relaxation behaviour [6—8]
should include terms with very long time constants. This behaviour requires that care be taken in
establishing repeatable measurement procedures involving time for the system to come to both
static and dynamic steady state before measurements are taken [11,17]. Posture also affects the
response of the seat-mannequin system [19] and hence effort was made to ensure that the
mannequin was positioned in the same position and orientation in the seat. The experimental
configuration for the vibration testing is shown in Fig. 2. Low-frequency Kistler, Type 8303, and
Neuwghent SAA-1000 accelerometers were used to measure the acceleration on the seat rails and
on various parts of the mannequin. While the foam is truly non-linear [9,11], at the low levels of
base acceleration typically measured on car seat rails during highway driving, the relationship
between the seat rail acceleration and the seat—occupant vibration can be modelled with linear
models for a particular seat—-mannequin configuration. In Fig. 3 are shown frequency response
functions between the acceleration at the seat rails and the vertical accelerations at the
mannequin’s bottom, back, and knee, as estimated from a test with the seat—-mannequin system on
the hydraulic shaker. The excitation at the seat rail was a low-frequency random input in the
frequency range 3-35Hz. The low level of excitation below 3 Hz resulted in an input signal to
noise ratio that progressively decreased as the frequencies approached 0 Hz; this has the effect of
biasing the frequency response function (input to output cross-spectral density/input power
spectral density) away from the true value, which should be close to 1 at low frequencies.
Therefore, information in the frequency response plots below 3 Hz should be ignored. The



S.K. Kim et al. | Journal of Sound and Vibration 264 (2003) 49-90 59

mm accelerometers

data acquisition
module

HP

footrest workstation

bars ———_

i 1
T 1 D]

Fig. 2. Experimental set-up of the car—seat and mannequin system. The standard mannequin position corresponds to:
Onead = 10°, Ochesr = 20°, Ogeqr = 20°, Opp = 96°, and Ogpee = 126°, and &, the horizontal distance from the seat back to
the mannequin bottom location=0.165m.
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Fig. 3. Estimated frequency response magnitudes for the seated mannequin with and without head attached. (a) Rail to
bottom, (b) rail to back, and (c) rail to knee frequency response functions. Solid line: with head; dashed line: without
head.

frequency response functions were estimated by using a segment averaging approach, using 2048
data point segments, a Hann window, and 50% overlapping segments [34]. The sample rate was
512 samples per second and thus the frequency resolution was 0.25 Hz.

The neck joint of the mannequin used was problematic. During dynamic testing it tended to
become loose and the mean angular orientation moved away from its initial orientation; it is not a
realistic representation of a person’s neck joint. To remove this uncontrollable variability in the
experiment, dynamic tests were performed with the head and neck removed. Modelling was then
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focused on the response of the seat and headless mannequin system. In Fig. 3 are shown
the measured frequency response functions, both with and without the mannequin’s head
attached.

When the mannequin’s head is removed, the peak response at the bottom, knee, and back are
all seen to increase in magnitude. There is also a slight shift downward in the frequency of the
largest peak response, from about 8 Hz to near 7.5 Hz. The secondary peak also decreases in its
frequency, from about 6.5 to 5.5 Hz, but unlike the largest peak, its amplitude is seen to decrease.
With the head removed, the downward shift in frequency might seem counterintuitive. The
removal of mass is commonly associated with an increase in frequency, since for a single-degree-
of-freedom system, the natural frequency would indeed increase with less mass. However, the
head and neck are not simply a mass element, and the system that they are part of is very
complicated. The head and neck possess certain rotational stiffness and damping properties, and
their effect on the system is difficult to predict.

3.2. Modification of the mannequin model

In order to account for the head removal, the head mass, m;, mass-moment-of-inertia, /;, and
the frictional damping force in the neck joint, 7', were set to zero in the model. This resulted in a
six-degree-of-freedom model which is obtained from Eq. (8) by eliminating the variable @,. For
this equation also, the linear equations of motion were derived in order to determine the
undamped natural frequencies, mode shapes and frequency response functions. The same
assumptions regarding small motions, as described earlier, were used to obtain the linear
equations of motion.

3.3. Mannequin deflection shapes

In order to more accurately assess the actual deformations at frequencies where peaks occur in
the frequency response function magnitude, and to compare with the response of the analytical
linear as well as non-linear models, a stroboscope was used to visualize the mannequin motion.
The seated mannequin was excited with a single frequency very close to a resonance, and the
strobe light was triggered at a slightly higher frequency. These tests were performed with and
without the mannequin’s head attached. A graphical representation of the observed deflections at
the two resonances are shown in Fig. 4 (mannequin with head) and Fig. 5 (mannequin without
head).

With the head attached, the higher frequency (bounce) mode at 8 Hz is indeed seen to contain
mostly vertical motion, with the mannequin mainly sliding up and down along the incline of the
seat back. The shoulders remain in contact with the seat back, but the hip joint moves in a strictly
vertical direction, rather than just sliding in unison with the shoulders. For this reason, a small
angular motion of the torso is also induced. Similarly, the head moves mostly along the plane of
the seat incline, with only a small amount of angular motion. However, the head’s angular motion
is out of phase with the torso’s angular motion. The motion of the knees consists of small
displacement due to the movement of the hips, and the mannequin’s hands simply bounce on the
seat cushion in unison with the hips. The material at the soles of the feet is also seen to compress
slightly against the foot rests as the mannequin bounces.
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Fig. 4. Deflection shapes at (a) 8.0 Hz “bounce mode”, and (b) 6.5Hz “pitch mode” for the mannequin with head
attached.

<« shoulders slide along
plane of seat back shoulders and seat back

L4 rotate together in pitch direction

hip moves vertically
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hip moves vertically
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Fig. 5. Deflection shapes at (a) 7.5Hz “bounce mode™, and (b) 5.5 Hz “pitch mode” for the mannequin without head
attached.

The pitch mode at 6.5 Hz is characterized by larger angular motion of the mannequin and seat
back in the pitch direction. In this mode, the torso still slides along the seat back and the hips still
move vertically. However, the torso and seat back also move together in the pitch direction.
Accordingly, the head exhibits much larger motion than in the bounce mode, and is again out of
phase with the torso. As before, the knees and arms show little additional motion of their own.

When the head is removed, the amplitudes of the motions and the resonance frequencies
change. However, the character of the motion of the remaining parts of the mannequin at
resonance changes very little: the two primary mannequin deflection shapes, as shown in Fig. 5,
indicate motions that involve the seat back and mannequin rotating together; this is primary
motion at the lower frequency (5.5 Hz). This is one of the primary observations that prompted the
addition of a torsional spring, k;, to the model at the junction of the seat back and seat cushion. It
was believed that with this modification to the Nishiyama model, seat back motions could also be
predicted by the simplified system model.
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3.4. Experimental estimation of model parameters

The simplified model being used is shown in Fig. 1(b). The parameters ki, ¢y, k3, ¢3, k4, ¢4, ks, ks
and J; have to be experimentally determined. The parameters k, and ¢, were initially estimated to
be zero, since during the experiments, it was observed that the mannequin did not make contact
with the seat back in the lower back area.

3.4.1. Measurement of ks, c3, k4 and c4

The hips and thighs of the mannequin were separated from the rest of the mannequin and
placed in the seat. The hips and thighs were weighted to reproduce the deflection pattern in the
seat cushion, as if the entire mannequin were seated. A static finite element analysis of the seat—
mannequin system (developed at Johnson Controls, Inc. [18]) was used to determine this mass
distribution on the mannequin’s hips and thighs. Two masses were added to the system, as shown
in Fig. 6. The size and locations of these blocks were varied until the finite element predicted
deflections matched those produced when the full mannequin was in the seat. Earlier, the static
response predictions from the finite element formulation had been shown to agree well with static
deflections and pressure distributions measured in experiments.

After the system had reached a static steady state (this takes approximately 30 min because of
long-term memory effects, or creep, in the foam), it was exercised for 10 min by exciting the system
with a random base excitation. The partial mannequin system was then given initial conditions
such that it responded in one of its natural modes of vibration. For motion of the system in the
vertical/fore—aft plane, there are two primary natural modes for this system. The lowest frequency
mode consisted of mostly angular motion of the mannequin section (the pitch mode), and the
higher frequency mode consisted of primarily vertical motion (the bounce mode).

The acceleration response time histories were measured at the butt and at the knee, for the two
sets of initial conditions. From these measurements, the vertical and rotational accelerations could
be calculated. These time histories were used to evaluated the parameters k3, k4, ¢3 and ¢4 such
that, with given values of the mass, M7, and the moment of inertia, Jr, the two-degree-of-freedom
model in Fig. 6(a) responds with the same two natural frequencies, mode shapes, and vibration

weights

(a) (b)

Fig. 6. (a) First simplified model of mass-loaded partial mannequin seat cushion system with collocated springs and
dampers, and (b) mass—spring—-damper model of the system with flexible spring and damper locations.
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decay rates as the experimental system. However, it was found that in the configuration shown in
Fig. 6(a), it was not possible to solve for all the parameters and constrain the system to have the
correct modal deflections. The model shown in Fig. 6(b) was then adopted whereby the spring and
damper number 3 remained collocated, while the spring and damper number 4 were in different
positions. Using this configuration, a model could be estimated that reproduced the motions
measured in the experiment.

The equations of motion, in matrix form, of the two-degrees-of-freedom shown in Fig. 6(b) are

My 0] ¥

0 Jr||éd " 0

bk bk — aks {X}:{O}, (12
0 0

brks — aks bik4 + a2k3

These equations of motion contain off-diagonal coupling terms in both the damping and stiffness
matrices. When the mass-loaded seat cushion system (Fig. 6) was displaced vertically the response
was predominantly in the vertical direction, and only a small amount of rotation was observed.
The system could also be excited so that a pitch-only response was observed, however, the
rotation in this case was not exactly around the centre of mass. This clearly indicates the coupling
between the bounce and pitch modes. However, since the intent of this analysis was to obtain
approximate values for k3, k4, ¢3, and c¢q4, it is reasonable to make the assumption that the two
modes are uncoupled. Thus,

3+ ca b.cs — acs

2 2
becs —acy blcs+ac3

bCC4 —acy = 0, bkk4 — ak3 =0. (13)

The equations of motion (12) then become uncoupled and the first and the second equations
describe the bounce and the pitch modes, respectively. The frequencies (w;, and w,) and damping
ratios ({, and {,) for both the bounce and pitch modes were estimated from measured data by
using Prony series modelling [35]. Equating these estimates to the natural frequencies and
damping ratios predicted from Eq. (12) gives

3+ ca = 2Mrcpp, ks + ks = Mroj,
b?C4 + 6126‘3 = 2JTQP(D[,, blzck4 + a2k3 = JTCL);. (14)

There are 6 equations and 7 unknowns: a, b., by, k3, ks, ¢3, and ¢4. The original model had one
set of springs and dampers located at the mannequin’s bottom. It was decided to keep this spring
and damper (c3 and k3) in the same location, and allow the location of ¢4 and k4 to vary. Thus, the
parameter a was fixed and the rest were solved for. The results were a = 0.139m (defined),
b.=0.134m, b, = 0.035m,/, =a+ b, =0.174m, [, = a+ b, = 0.273m (Fig. 1), ¢ = 151.4 Ns/m,
¢4 = 157.2Ns/m, k3 = 16,239 N/m, and k4 = 64,548 N/m. The free vibration response for both
natural modes of vibration of the partial mannequin and of the estimated model are shown in
Figs. 7(a) and (b).

At first glance a k4 value around four times a k3 value seems surprising. However, this is not
unreasonable if one considers the non-linear behaviour of polyurethane foam [9]. Polyurethane
foam’s stiffness changes with compression. At small compression (0—15%, the bending region) the
foam has high static stiffness. At larger compressions (15-55%, the buckling region) the foam
becomes much softer, but above this the foam becomes highly compacted (the densification
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Fig. 7. (a) Bounce mode response at the knee, and (b) pitch mode response at the knee. Solid line: measurement; dashed
line: model.

region) and the stiffness again increases. With the mannequin, the compression under the
tuberosities (close to the location of k3 in the model) is in the mid-range, while under the thighs
(close to the location of k4 in the model) the compression is much smaller and in the first region.
Thus, k3 nearly four times k4 is consistent with foam behaviour.

3.4.2. Measurement of ks

Now consider the stiffness and the damping at the interface between the mannequin’s foot and
the rigid supports, ks and ¢s. The mannequin’s shin consists of a metal bar surrounded by foam
rubber. However, since the bar does not extend past the heel, the majority of the flexing in the shin
element occurs at the mannequin’s foot, which is made entirely of the foam rubber. Thus,
compression of the entire shin element is approximately equivalent to compression of the
mannequin’s foot because the rest of the shin is nearly rigid in comparison.

The mannequin’s shin was removed and placed axially in a hydraulic press. A schematic of the
test set-up is shown in Fig. 8(a). Several tests were conducted where the force—displacement
relations for the mannequin’s foot (in the axial direction) were evaluated. In the mannequin—seat
system the foot was resting on a footrest without any additional clamping. The foot remained in
contact with the footrest during the vibration experiments. The compression in the leg during the
experiments was small and in the range used in the static deflection test. The averaged value of the
stiffness, for compressions between 1.27 mm (0.05”) and 2.54 mm (0.25”), was used to represent
the net stiffness of the mannequin’s foot. The results of the tests are shown in Fig. 8(b). Clearly,
this measurement of the static stiffness will not yield the exact dynamic stiffness, since the foot is
itself made from a foam-type material and hence exhibits viscoelastic behaviour. However, the
results should be sufficient as a starting point for the modelling of mannequin used in this
research. The estimated stiffness at the foot was k5 = 15,279 N/m. The damping value for ¢5; was
specified as in Nishiyama’s work due to the lack of any other rational basis to determine its value.

3.4.3. Measurement of k; and c;
The mannequin was loaded into the seat in the standard position, see Fig. 2. Sheets of paper
were taped to the mannequin’s upper back, and to the surface of the seat back. By spray painting
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Fig. 8. (a) Schematic of test to identify stiffness of the mannequin’s foot, and (b) measured compression plotted versus
force, and straight line approximation.
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Fig. 9. (a) Schematic of experimental set-up for determination of k; and c¢;. (b) Measured and modelled free vibration
response of mass loaded seat back system.

the paper on the mannequin’s upper back and then allowing it to sink in and rest on the seat back,
an estimate of the contact area between the mannequin’s back and the seat back was obtained.
Then, in order to estimate the approximate force exerted by the seated mannequin on the seat
back, a linear force gage was attached to the mannequin’s shoulders and used to pull the torso
until it just lost contact with the seat back. The force sustained by the foam underneath the upper
back contact area was estimated to be 6.356 gN. In Fig. 9 is shown the experimental set-up that
was used to determine the free response needed to estimate the parameters k; and c¢;.

A 6.4kg metal mass was fabricated, such that its profile matched the contact area of the
mannequin on the seat back. This mass was made such that it was symmetrical along all axes. The
seat back was removed from the base and placed flat on a table. The mass, with an accelerometer
attached, was placed in the appropriate location on the seat back and allowed to settle for 20 min.
The mass was given an impulse excitation and the resulting response was recorded. The impulse
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excitations were imparted so as to generate only translational, vertical motion and minimize the
angular motion of the mass. The free vibration time histories were then modelled as a single
damped sine wave, and using the mass, the net stiffness and damping values were estimated to be
ki = 23,059 N/m and c¢; = 70.48 Ns/m, respectively. The foam was not exercised prior to
transient testing, because that would have required fabrication of a special fixture to attach the
seat back to the shaker and this may change the response characteristics of the seat back.

3.4.4. Measurement of kg

The seat back was removed and weighed. Then, the moment of inertia of the seat back about its
attachment point and the location of its centre of gravity were determined. To determine these
parameters, the seat back was simply hung and allowed to swing freely under gravity as shown in
Fig. 10(a).

For small angular displacements, a linear equation of motion can easily be derived for the
system shown in Fig. 10(a) when hung from each of the two suspension points; the corresponding
natural frequencies of oscillation are given by

»  myglLg > my(ll— Lg)
W) =—7——775, W)= 2>
Je + mLg Je +my(l; — Lg)

where my is the total mass of the seat back (4.77kg), g is the acceleration due to gravity
(9.81m/s?), L is the distance from the attachment point O to the centre of gravity, L is the total
height of the seat back (0.8 m), and Js is the moment of inertia about the centre of gravity. By
using the two measured natural frequencies and Eq. (15), Jg and Ls were found to be:
Ls=0.40m, and Jg = 0.24kg m2 F inally, the moment of inertia about the attachment point, J;,
was then calculated to be 1.0 kgm?.

In order to determine the stiffness of the torsional spring needed to model the attachment point,
the model shown in Fig. 10(b) was used. From the linearized equation of motion about @, the

(15)

B O (suspension point)

(a) (b)

Fig. 10. (a) Experimental configuration used to measure seat back inertial properties. (b) Simplified model used in
estimating the seat back torsional stiffness.
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natural frequency of the seat back rotation is given by
? =k /J,. (16)

From tests on the unoccupied seat, the natural frequency of the seat back in the pitch direction
was known to be about 13.5Hz. Using this information along with the moment of inertia Jj, it
was possible to solve for the unknown torsional stiffness k;, which was estimated to be 7194.94 N/
rad.

3.5. Model parameters based on subsystem parameter estimates

The results of the experiments described above are summarized in the Table 1. In the rest of
paper, this is referred to as the baseline model. In the following section of the paper, the effects on
the frequency response functions of variations around these experimentally determined values for
stiffness and damping will be explored, in addition to investigating the effect of variations in the
damping in the mannequin’s joints.

4. Simulation results

In the following sections, the effects on the seat-mannequin system’s undamped natural
frequencies, linear mode shapes, and the frequency response functions, due to changes in the
stiftness and damping parameters will be examined. Each of these characteristics are affected in a
different way by the changes in the parameters. Therefore to get a full picture of the implication of
changing a parameter, it is important to investigate the changes in all of these characteristics. The
studies described in this section are based on baseline parameter values determined by the
subsystem evaluations, and linear model predictions are used to assess the effects of the parameter
variations.

4.1. The effect of changing the positions of ks, ¢3, ky and ¢4
The following equations are based on the modelling of the seat cushion subsystem, as described

in Section 3.4.1. From these equations, and with reference to Fig. 1, k3, c¢3,k4 and ¢4 can be

Table 1
Spring stiffness and damping coefficient values determined experimentally. ¢5 was chosen to be 80 ¢ based on the ratios
used by Nishiyama. These are the baseline model parameters

Spring stiffness (N/m) Damping coefficient (N s/m)
ki 23,059 & 70.48

k> 0.00 153 0.00

k3 16,239 I 151.38

ky 64,648 4 157.16

ks 15,279 s 5638.40

ks 7194
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calculated if the distances between the positions of k4 and ¢4, by and b, respectively, and the
position of centre of gravity of the seat bottom are defined (Fig. 6(b)). In the calculations, k3 and
¢3 are located in the same position and ¢ = ai3 = a3 = (0.139 — A) m. The default location for k3
and cs, their position in Nishiyama’s model, corresponds to 4 = 0 m. Once « is specified the other
parameters can be solved for, as follows:

Jr Mrw;o? P Mroj,

ks = L k= , 17
YT (@Ml + Jre?) T (@Mro} + Jro?) an
2JTMT(1)},U)pC},Qp 2a2JTMTco§g§
6= , 4= ) (13)
azMrwpgy + JTwye), azMrwpgy + JTwye),
JTCU2 Jro Ch
lL,=a+ P y=a4+— 0 19
“ aMrwy b aMrwpg, (19)

Setting 4 to equal 0, 0.05 and 0.1, and using Egs. (17)—(19) results in the parameter values shown
in Table 2. The undamped natural frequencies calculated from the linearized model are shown in
Table 3, and the corresponding mode shapes for 4 = 0.10m are shown in Fig. 11.

From these results, it is apparent that changing the locations of k3, and k4, and adjusting the
parameters to agree with the subsystem modelling, does not have a noticeable effect on the natural
frequencies of the full system. Although the undamped natural frequencies do not match the
experimentally measured resonance frequencies, mode 3 is similar in shape to the deflections of
the mannequin observed in experiments when excited at 5.5Hz, and mode 4 is similar to the
deflections of the mannequin at 7.5Hz. Thus, later results will also use parameter values for
A4 =0.10 m.

4.2. The effect of changing k, in the model

The stiffness k, was initially not included in the model because the mannequin did not contact
the seat back. However, its exclusion limits the types of motions possible for the torso of the
mannequin, and results in the presence of a very low-frequency mode, not observed in the
experiment. It was therefore decided to explore the effect of including k,. The results of the linear
modal analysis are shown in Table 4 and Fig. 12.

Inclusion of k, introduces a new fore-and-aft mode (mode five in Table 4), and this is the mode
most affected by variations in k», its associated natural frequency increasing as k; increases. The
natural frequency of the up-and-down mode of vibration (mode four in Table 4), is initially

Table 2

Stiffness, damping and location parameters as a function of 4

4 (m) lq (m) ks (N/m) ks (N/m) Iy (m) 3 (N's/m) ¢4 (N's/m)
0 0.174 16,239 64,5438 0.2729 151.38 157.16
0.05 0.1476 30,722 50,065 0.2981 216.42 92.11

0.1 0.1636 61,532 19,254 0.5162 285.23 23.31
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Table 3
Natural frequencies in Hertz as a function of 4
Mode 1 2 3 4 5 6
A =0.00 <1.0x 1077 1.92 4.46 5.97 8.91 15.44
A4 =10.05 <1.0x 1077 1.97 4.46 5.96 8.93 15.44
A=0.10 <1.0x 1077 1.92 4.46 5.97 8.91 15.44
Mode 1:f1=0Hz Mode 2:f2=1.92 Hz
Mode 3 :f3=4.46 Hz Mode 4 : f4 =5.97 Hz

Mode 5:f5=8.91 Hz Mode 6 : f6 = 15.44 Hz

Ny N

Fig. 11. Mode shapes of the headless mannequin motion for 4 = 0.10 m. The first mode shape is a rigid body motion.

Table 4

Natural frequencies in Hertz as a function of changing &, (k; = 23,059 N/m)

Mode kz =0.0 k2 =1.0 x kl k2 =5.0x kl k2 = 8.0 x kl k2 =12.0 x k] kz =16.0 x kl
1 0 — — — — —

2 1.92 1.88 1.89 1.89 1.89 1.89

3 4.46 4.52 4.37 4.39 4.39 4.39

4 6.97 6.30 5.23 5.34 5.39 5.41

5 — 3.44 9.48 11.38 13.06 13.88

6 8.91 8.91 8.81 8.88 8.89 8.89

7 15.44 15.48 15.74 16.08 16.95 18.31
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Original shape
2=1.88Hz (k2=1.0*k1)
2=1.89Hz (k2=5.0*k1)
f2=1.89Hz (k2=8.0*k1)
f2=1.89Hz (k2=12.0*k1)
f2=1.89Hz (k2=16.0*k1)

Original shape
f3=4.52Hz (k2=1.0*k1)
3=4.37Hz (k2=5.0*k1)
3=4.39Hz (k2=8.0*k1)
3=4.39Hz (k2=12.0*k1)
3=4.39Hz (k2=16.0*k1)

Original shape
f4=6.30Hz (k2=1.0*k1)
f4=5.23Hz (k2=5.0*k1)
f4=5.34Hz (k2=8.0*k1)
f4=5.39Hz (k2=12.0*k1)
f4=5.41Hz (k2=16.0*k1)

Original shape
5=3.44Hz (k2=1.0*k1)
5=9.48Hz (k2=5.0*k1)
f5=11.38Hz (k2=8.0*k1)
f5=13.06Hz (k2=12.0*k1)
f5=13.88Hz (k2=16.0*k1)

Fig. 12. The effect on the second, third, fourth and fifth mode shapes of the mannequin due to changes in the stiffness
of spring k,. Shown are k, = {0, 1,5,8,12,and16} x k.

reduced by the inclusion of k> and then gradually increases as k, increases beyond 5 times k.
Mode 7 is the only other mode significantly affected by the inclusion of k5. In Fig. 12 the variation
in four of the mode shapes as the stiffness k» is changed is shown. Clearly, the shape of mode 5 is
the most affected, as is the corresponding frequency (Table 4).

4.3. Effect of changing k,

The effects of varying values of k; on the natural frequencies of the system are shown in
Table 5. In this model ., is set to be 12 times the baseline value of k;. The most significant
changes in natural frequencies occur for modes five (fore—aft horizontal motion), and
seven (predominantly a seat back motion), with a smaller, but significant, change in the
natural frequency of mode three (seat back and torso rotation). Very interestingly, the natural
frequencies of modes that comprise mainly of up-and-down motion (modes two and four), and
the natural frequency of mode six involving predominantly knee motion are barely affected by
these changes. These mode shapes, not shown, only vary in terms of the amplitude as k| varies; the
basic shapes do not change. The modal amplitudes most affected are those of the third and fifth
modes.
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Table 5

Natural frequencies in Hertz as a function of changing k. The baseline value of k; is 23,059 N/m

Mode Ky =0.5x%k ki =0.75 x k ki =1.0x ki k=20 %k ki =4.0x ki
2 1.89 1.89 1.89 1.89 1.89

3 3.74 4.15 4.39 4.83 5.07

4 5.39 5.39 5.39 5.39 5.40

5 11.60 12.45 13.06 14.00 14.33

6 8.89 8.89 8.89 8.89 8.89

7 15.84 16.31 16.95 20.33 26.69

Table 6

Natural frequencies in Hertz as a function of changing k3 and k4. The baseline values (4 =0.10 m) are:
k3 =61,532.0N/m and k4 = 19,254 N/m

Mode 0.1 x (k3, ks) 0.5 x (k3, ks) 1.0 x (k3, ks) 2.0 x (k3, ks) 4.0 x (k3, ks)
2 0.60 1.34 1.89 2.64 3.64
3 439 4.40 4.39 4.40 4.42
4 1.78 3.91 5.39 7.03 10.83
5 12.87 12.95 13.06 13.38 14.54
6 8.58 8.70 8.89 9.47 8.10
7 16.92 16.93 16.95 17.00 17.20

4.4. Effect of changing ks and ka4

4.4.1. Changing springs three and four simultaneously

Next, the effects of changing k3 and k4 were explored. The natural frequencies and the
corresponding mode shapes are shown in Table 6 and in Fig. 13, respectively. In the model the
value of k, was set at 12 times the baseline value for k1. As k3 and k4 increase together, the natural
frequencies of modes two (vertical motion of knee), and four (vertical motion of torso) increase.
Also, the natural frequencies of modes five, six and seven increase slightly. Mode shape 4 is most
affected by the changes. As can be seen in Fig. 13, although the frequency of mode 2 increases
sixfold the mode shape changes are very small compared to those for mode 4.

4.4.2. Effects of changing ks, and k4 individually

The effects on the natural frequencies from changing k3 alone are shown in Table 7, and those
from changing k4 are shown in Table 8. Mode shape 3 (seat back and torso rotation), as shown in
Fig. 14, changes little but mode shape 4 (up and down motion) changes particularly in the leg
motion. Again the natural frequencies most strongly affected are those associated with the vertical
vibrations, that is modes two and four. The natural frequency of mode four is more sensitive to
changes in k3 than to changes in ky4; this is not unexpected as spring three is located at the
mannequin’s bottom, a major contact area between the seat and the mannequin. The opposite is
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£2=0.60Hz(0.1*(k3,k4))
f2=1.34Hz(0.5*(k3,k4))
f2=1.89Hz(1.0*(k3,k4))
f2=2.64Hz(2.0*(k3,k4))
f2=3.64Hz(4.0*(k3,k4))

Original shape
f4=1.78Hz(0.1*(k3,k4))
f4=3.91Hz(0.5*(k3,k4))
f4=5.39Hz(1.0*(k3,k4))
f4=7.03Hz(2.0*(k3,k4))
f4=10.83Hz(4.0*(k3,k4))
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Original shape

3=4.39Hz(0.1*(k3,k4))
3=4.40Hz(0.5*(k3,k4))
f3=4.39Hz(1.0%(k3,k4))
f3=4.40Hz(2.0%(k3,k4))
f3=4.42Hz(4.0%(k3,k4))

Original shape

f5=12.87Hz(0.1*(k3,k4))
f5=12.95Hz(0.5*(k3,k4))
5=13.06Hz(1.0%(k3,k4))
5=13.38Hz(2.0%(k3,k4))
5=14.54Hz(4.0%(k3,k4))

Fig. 13. The effect on the second, third, fourth and fifth mode shapes of proportional changes in the stiffnesses k3 and
k4. Changes shown are {0.1, 0.5, 1.0, 2.0, and 4.0} x baseline values of k3 and k4.

Table 7

Natural frequencies in Hertz as a function of changing k3. Baseline values (4 = 0.10 m): k3 = 61,532.0 N/m and

ks = 19,254 N/m

Mode 0.5 x (k3) 0.75 x (k3) 1.0 x (k3) 2.0 x (k3) 4.0 x (k3)
2 1.70 1.82 1.89 2.00 2.05
3 4.40 4.39 4.39 4.39 4.39
4 4.30 4.88 5.39 6.91 10.15
5 12.98 13.02 13.06 13.27 13.95
6 8.82 8.85 8.89 9.12 8.08
7 16.94 16.94 16.95 16.98 17.07

true for mode two (vertical knee motion), where k4 appears to play a stronger role. Again, spring 4
is located close to the knee and hence this result is expected. The natural frequency of mode six
(predominantly knee motion) is affected nearly equally by changes in k3 or k4.

It is interesting to note that when A was varied, the values of k3 and k4 varied considerably,
see Table 2. However, the variation in that case was done while preserving the frequencies
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Table 8
Natural frequencies in Hertz as a function of changing k4. Baseline values (4 = 0.10 m) are k3 = 61,532.0 N/m and
ks = 19,254 N/m

Mode 0.5 x (ks) 0.75 x (ks) 1.0 x (ks) 2.0 x (ks) 4.0 x (ks)
2 1.42 1.69 1.89 2.38 2.79
3 4.39 4.39 4.39 4.40 4.40
4 5.17 5.28 5.39 5.79 6.37
5 13.02 13.04 13.06 13.15 13.39
6 8.75 8.82 8.89 9.19 9.88
7 16.94 16.95 16.95 16.97 17.00
=== QOriginal shape === QOriginal shape
—— 3=4.40Hz (0.5*k3) — f4=4.30Hz (0.5*k3)

—  14=4.88Hz (0.75*3)
—  4=5.39Hz (1.0*k3)
—  4=6.91Hz (2.0*k3)
14=10.15Hz (4.0*k3)

—  13=4.39Hz (0.75*k3)
—  13=4.39Hz (1.0*k3)
—  13=4.39Hz (2.0*k3)
£3=4.39Hz (4.0*k3)

=== Original shape === QOriginal shape
—— f3=4.39Hz (0.5*k4) —— f4=5.17Hz (0.5*k4)
— 3=4.39Hz (0.75%k4) — f4=5.28Hz (0.75*k4)
— 3=4.39Hz (1.0*k4) — {4=5.39Hz (1.0*k4)
— {3=4.40Hz (2.0*k4) — f4=5.79Hz (2.0*k4)
f3=4.40Hz (4.0*k4) — {4=6.37Hz (4.0*k4)

Fig. 14. Effects of stiffnesses k3 and k4 on the third and second mode shapes: (a) and (b) variations in the stiffness k3;
(c) and (d) variations in the stiffness k4. In each case {0.5, 0.75, 1.0, 2.0, and 4.0} x baseline values are shown. Baseline
values (4 = 0.10 m) are k3 = 61,532.0 N/m and k4 = 19,254 N/m.

of the pitching and bounce modes of the hips-and-thighs on the seat cushion subsystem. If k3 and
k4 are varied independently, the natural frequencies of the subsystem will not necessarily be
preserved, and thus the natural frequencies and modes shapes of the whole system will also
change.
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4.5. Effect of varying k;

The value of the seat back torsional stiffness k; estimated from the experiment is 7,194.94
N/rad. The changes in natural frequencies when k; is varied are shown in Table 9. Again, beyond
changes in amplitudes of response, the mode shapes do not change substantially with changing k;,
although the ““synchronization” of the torso and the seat back rotation is affected, in that their
amplitudes of motion are not changed equally when k; is changed. The natural frequencies of the
third mode (seat back torso rotation) and the seventh mode (seat back rotation alone) are the only
ones strongly affected by changes in k;, and they increase as k; is increased.

4.6. Effects of changing linear and torsional damping values (c; and T; )

First, the effect of changing all the linear and torsional damping coefficients by the same factors
was examined. This was followed by a study on the effect of changing the damping terms
individually. The coefficients of the friction moments will be denoted by T; Nms/rad and, from
Eq. (7), are equal to 2 Tpuxi/wip where w;p = 0.349rad/s [20]. The frequency response
magnitudes are plotted from 0 to 10 Hz. In this range the second, third, fourth and sixth modes
have undamped natural frequencies at 1.89, 4.39, 5.39 and 8.89 Hz, respectively. For mode
numbering refer to Table 4, columns 1 and 6. As will be seen in the following results, damping and
the friction in the joints have a strong influence on the number and location of the resonance
peaks in the spectrum. The complexities of the model make it difficult to apply simplistic
explanations such as “‘more damping will result in lower resonant frequencies and peaks”.

4.6.1. Changing the linear and torsional damping coefficients simultaneously

In order to explore the effects of changing the coefficients of each of the viscous dampers, ¢; to
¢s5, and the coefficients of the friction moments at the joints, T, and T3, Eq. (11) were used to
evaluate the frequency response functions. The stiffness and damping values used in analysis are
shown in Tables 1 and 2, with the exception that k» is set to 12 k;, and these values correspond
to the case where 4 =0.1m. The joint friction coefficients used in this analysis were
T, = 202.18 Ns/rad and T3 = 80.87 Ns/rad. The frequency response magnitudes as a function
of ¢; and T; are shown in Figs. 15 and 16, respectively. The dark solid lines indicate the frequency
response magnitude of the baseline model (4 = 0.10 m).

Table 9

Natural frequencies in Hertz as a function of changing k. The baseline value of k; is 7194.94 N/rad

Mode 0.1 x (ks) 0.5 x (ks) 1.0 x (ks) 2.0 x (ks) 4.0 x (ky)
2 1.92 1.89 1.89 1.89 1.89

3 1.64 342 4.39 5.23 5.98

4 5.38 5.38 5.39 5.45 5.36

5 12.00 12.58 13.06 13.50 13.76

6 8.89 8.89 8.89 8.89 8.89

7 15.41 15.99 16.95 19.24 23.71
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Fig. 15. The effect of varying viscous damping parameters: ¢; = (0.1,0.25,0.5,0.75,1.0,2.0,4.0, 10.0) x baseline ¢;, i =
1,3,4,5, on frequency response function magnitudes relating (a) horizontal acceleration, (b) vertical acceleration, (c)
angular acceleration at the hip joint, and (d) angular acceleration at the knee joint, to base acceleration. Graph lines
corresponding to the various scalings of ¢; are: thin solid (0.1), dashed (0.25), dash—dot (0.5), light dotted (0.75), dark
solid (baseline), light dashed (2.0), dash—dash—dot (4.0), dark dotted (10.0).

The results shown in Fig. 15 are classic illustrations of the effect of damping on resonant
behaviour of dynamic systems. As the viscous damping ratios increase, the peak magnitudes in the
frequency response plots decrease. The results shown in Fig. 16 are surprising because an increase
in the torsional damping, at higher damping values, leads to an increase in the location of the
resonant natural frequency, and also to an increase in amplitude. This is most clearly illustrated in
Figs. 16(b) and (c). This result is a little surprising and may be attributable to a “locking’ of the
joints, causing an effective reduction in the number of degrees of freedom in the mannequin
motion. This phenomenon will be explored further in Section 4.6.3. At lower levels of joint
damping, the increase in damping follows the expected trends: lowering of resonant amplitude
and decrease in natural frequency, similar to the trends shown in Fig. 15 when the ¢; were
increased.

4.6.2. Effect of changing individual linear damping constants ¢, c¢3, ¢4 and cs

In Fig. 17, the magnitudes of the frequency response functions between the base excitation and
the hip joint vertical vibration are shown. In parts (a) through (d), ¢, ¢, ¢3 and ¢4 are,
respectively, varied individually.
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Fig. 16. The effect of varying joint damping coefficients: T; = (0.1,0.25,0.5,0.75, 1.0, 2.0,4.0, 10.0,20.0) x baseline T;,
i = 2,3, on the frequency response magnitudes relating: (a) horizontal acceleration, (b) vertical acceleration, (c) angular
acceleration at the hip joint and (d) angular acceleration at the knee joint to base acceleration. Graph lines
corresponding to the various scalings of T; are: thin solid (0.1), dashed (0.25), dash—dot (0.5), light dotted (0.75), dark
solid (baseline), light dashed (2.0), dash—dash—dot (4.0), dark dotted (10.0), thin dark solid (20.0).

It can be seen from the results that c¢3 has the strongest effect on the rail to seat bottom vertical
frequency response function. The main peak corresponds to a motion similar to that of mode four
(up and down sliding along the seat back). The smaller peak appears to be related to the seat back
and torso rotational mode (mode three). These modes of response were confirmed by calculating
the operating deflection shapes of the model at these two peak frequencies. Since c; is the closest
damper to the hip joint, it is not surprising that it has the strongest influence on the ‘“‘up-and-
down” mode of vibration.

4.6.3. Effect of changing friction moment constants T, and T individually

The effect of changing the friction moments at the joints was also explored and the
corresponding frequency response functions relating the hip joint motion to the base motion are
shown in Fig. 18. The baseline values are taken from Nishiyama [20,21], and are supposed to be
those for a human, not a mannequin. No description of how they were calculated is given. These
parameters are difficult to measure and hence Nishyama’s data was used as a starting point.

The friction coefficient at the knee joint (73) has a much greater effect on the frequency
response than the friction coefficient at hip joint (7,). When T, is equal to or larger than its
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Fig. 17. Frequency response function magnitude, relating vertical acceleration of the hip joint to base acceleration, as a
function of changing damping values: ¢; = (0.1,0.25,0.5,0.75, 1.0,2.0,4.0, 10.0) x (baseline ¢;). (a) ¢; varies, (b) ¢, varies,
(¢) ¢3 varies, and (d) ¢4 varies. Graph line types corresponding to the various scalings of ¢; are: thin solid (0.1), dashed
(0.25), dash—dot (0.5), dotted (0.75), dark solid (baseline), light dashed (2.0), dash—dash—dot (4.0), dark dotted (10.0).

baseline value (202.18 N s/rad), increases in T3 lead to increases in the frequency at which the peak
occurs in the frequency response function, as shown in Figs. 18(c) and (d). However, when T is
smaller than its baseline value, as T3 increases the peak occurs at a slightly lower frequency, as
shown in Fig. 18(b). As both T, and T3 increase, the smaller resonant peak in the frequency
response close to 3.64 Hz becomes insignificant.

5. Matching the experiment and simulation

As discussed earlier, the two main resonance frequencies of the headless mannequin measured
in experiments are at 5.5 and 7.5 Hz. The deflection shape at 5.5 Hz is mostly a seat back and torso
in-phase rotation, and the deflection shape at 7.5 Hz is mostly up-and-down motion of the hip
joint with the torso sliding up and down the seat. In Fig. 12, the analysis of the system with the
parameters set at the results of the subsystem modelling is shown for varying values of k,. The
experimental deflection shapes are similar to the predicted mode shapes when k, was set to 12k;.
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Fig. 18. The effect of changing joint friction moment coefficients: T; = (0.1,0.25,0.5,0.75,1.0,2.0,5.0,
10.0,20.0) x baseline T;, on frequency response magnitudes relating vertical acceleration of the hip joint to base
acceleration: (a) T, varies and T3 = 80.87 Nms/rad, (b) T3 varies and T, =20.22Nms/rad, (c) T3 varies and
T, =202.18 Nms/rad, and (d) T3 varies and T, =4043.54 Nms/rad. Graph lines corresponding to the various
scalings of T; are: thin solid (0.1), dashed (0.25), dash—dot (0.5), light dotted (0.75), dark solid (baseline), light dashed
(2.0), dash—dash—dot (5.0), dark dotted (10.0), thin dark solid (20.0).

However, neither the third and the fourth undamped natural frequencies (f3 = 4.39 Hz and
fa = 5.39 Hz, respectively) nor the resonance locations (3.64 and 5.53 Hz) in the model’s frequency
response functions (Fig. 16) correspond to the resonance frequencies observed in the experiment.

In order to match the experiment and simulation, the resonance (peak response) frequencies
need to be increased. Based on the results of the parameter variation studies, several guidelines for
matching the observed and predicted frequency response functions were identified.

e To increase the resonance frequency of the up-and-down motion (mode 4) from 5.53 Hz in
simulation to the 7.5Hz observed in experiment, values of k3 and k4 could be increased
(Tables 6-8). Also, T3 could also be increased above 4 times its baseline value (Figs. 16 and 18).
The most significant effects will come from increasing k3 (Table 7).

® Since k; has the strongest effect on seat back and torso mode (Table 9), the value of &, could be
increased to increase seat back and torso resonance from 3.64 Hz in the simulation to 5.5 Hz in
the experiment. Increasing k| will also increase the undamped natural frequency associated
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Table 10

New ‘adjusted’ stiffness and damping parameters for the system

Stiffness of each Values Damping coefficient Values Friction moment Values
spring (N/(m or rad)) (N's/m) (N's/rad)
k) =2.65 % ki 61,106.4 4 =025x%x¢ 17.62 T; =20x T, 4043.55
ky =12 x ky 276,708.0 &) 0.00 T3 =15xTs 121.31
Ky =2.05 X ki 126,140.6 =21x%xc 598.98

ki =2.05 % ky 39,470.7 h=21x%ce 48.95

ks 15,279.0 s =20 X ¢ 1409.6

ki =3.0 x k 21,584.8

with this motion (Table 5). Lowering 7T, and 73 to below 0.25 times their baseline values will
also increase the frequency location of this resonance in the spectrum (Fig. 16(c)).

® To reduce the amplitudes of up-and-down motion at resonance, c¢3 and ¢4 can be increased, as
shown in Figs. 17(b) and (c). In certain regions 7, and T3 can be increased to reduce the
amplitude, but in other regions an increase in these parameters can lead to an increase in the
peak amplitude (Figs. 16(b) and (c)).

e To increase the amplitudes of the seat back torso resonance, ¢; and ¢4 can be decreased.
Reducing T, and T3 can lead to dramatic increases in amplitude, and increasing T, and T3
well above their baseline values can also lead to an increased resonance amplitude (Figs. 16(b)
and (c)).

e By using these guidelines, a new set of values was found for the stiffness and damping
parameters, and also for the torsional dampers at the joints. These ratios and values are shown
in Table 10. The undamped natural frequencies and the corresponding mode shapes from the
linear modal analysis are shown in Fig. 19.

By using these parameters, good agreement was obtained between the model frequency
response and the measured frequency response, as shown in Fig. 20. The solid line is the estimate
generated from measurements. Below 5Hz the measurements were noisy due to low energy
excitation into the system at these frequencies. The signal-to-noise ratios are progressively worse
as the frequency approaches 0 Hz. Since the H1 frequency response function estimate was used
[34], at low signal-to-noise ratios of the input, the frequency response function magnitude will be
biased towards zero, and will approach zero as the signal to noise ratio becomes very small, which
was the case here at very low frequencies. Thus, frequency response estimates below 3 Hz are very
poor and are not plotted. The lighter line is the frequency response derived from the linear
analysis (Eq. (10)). The crosses, which lie on the top of the lighter line, are the results of
performing a full non-linear dynamic analysis (Eq. (3)) of the system responding to a random
input, similar to that used in the experiment, and then generating the H1 frequency response
estimate.

The characteristics of the input to the seat rails were as follows. First, the input was a base
acceleration with a r.m.s. value of 0.006 gm/s*>. Second, the frequency range of the input was
1-50 Hz. The input spectrum was shaped by using filters to approximate the actual input power
spectral density measured on the shaker table. The total analysis time was just over 64s with a
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Fig. 19. The undamped natural frequencies and corresponding mode shapes for four of the modes derived from the
model with parameters as shown in Table 10.
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Fig. 20. Frequency responses relating vertical acceleration (£ + ) of hip joint to base acceleration (). Dark solid line:
experimental results, light solid line: linear model frequency response function, line with crosses: estimate from
simulation using full non-linear dynamic analysis.

sample rate of 2048 samples per second. In the spectral density calculations, the data was split into
50% overlapping, 4 s segments, and windowed with a Hann window.

From the results one can conclude that the linearization produces an accurate model at these
input levels. The up-and-down resonance at 7.5 Hz is well predicted by the model. There is some
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mismatch at the lower seat back torso resonance at 5.5 Hz. Some of these differences could be
explained from the measurements where perhaps some of the rotational motion, in addition to
vertical motion, was being picked up by the accelerometer on the mannequin’s bottom. Because of
the large influence of the torsional damping coefficients on the resonance (peak response)
location, the operating deflection shapes were generated at the two resonance frequencies, rather
than relying on a modal analysis of the undamped system. These are shown in Fig. 21. These agree
well with those observed in the experiment (Fig. 5).

The main resonance of the seat-mannequin system was at a higher frequency than is typically
found with humans occupying car seats. It was of interest to see if by modifying the mannequin
characteristics to more closely match that of a human whether it was possible to shift the
resonance of the system significantly. The data for a 50th percentile male are shown in Table A.1
[36]. The frequency response function magnitudes shown in Fig. 22 are for the seat-mannequin
system and for a seat—50th percentile male system. The mass moments of inertia were based on the
mannequin but scaled to take into account the mass difference between the mannequin and
the 50th percentile male. The dimensions of the 50th percentile male model were adjusted to be the
same as the mannequin. It is known that different weight distributions will produce different
compressions in the foam which will affect the stiffness, and foam is much stiffer at low (<10%)

=== Qriginal shape === QOriginal shape
— Driving freq. 5.5 Hz — Driving freq. 7.5 Hz

Fig. 21. Operating deflection shapes predicted by the linearized analytical model at the two main resonance (peak
response) locations: (a) 5.5Hz, and (b) 7.5 Hz. Model parameters are shown in Table 10.
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Fig. 22. Frequency responses relating vertical acceleration of hip joint to base acceleration of a seat-mannequin and a
seat—50th percentile male system. Dark solid line: seat-mannequin system, dashed line: seat—50th percentile male
system, dotted line: seat—50th percentile male system with k3 and k4 reduced by half, light solid line: seat—50th percentile
male system with k4 reduced by half and k3 = k4.
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and very high (> 50%) compression levels than it is at medium levels of compression. With some
foams the stiffness in the middle range can be very low. The three plots associated with the 50th
percentile male are for three settings of the stiffnesses that represent the effect of the seat cushion
(k3 and k4). Clearly, it can be seen that both the mass distribution and the seat stiffness play a
large role in where the resonances occur and also the strength and relationship of the two peaks in
this part of the frequency response. This figure clearly illustrates that two-dimensional models
with this level of complexity are capable of predicting the types of frequency response behaviour
observed in experiments with both mannequins and humans.

6. Summary and conclusions

A simplified two-dimensional modelling approach for occupied car seats was demonstrated to
be feasible. The model consisted of interconnected masses, springs and dampers. Because foam is
a highly non-linear material and the stiffness and damping properties are dependent on
compression level, the mannequin—seat system was initially broken down into subsystems and
experiments conducted to determine approximate values for model parameters. A short study of
the effect of changing model parameters on natural frequencies, mode shapes and resonance
locations in frequency response functions was described, highlighting the influence of particular
model parameters on features in the mannequin’s vibration response. Good agreement between
experimental and simulation frequency response estimates was obtained both in terms of locations
of resonances and system deflection shapes at resonance, indicating that this is a feasible method
of modelling seated occupants.

The subsystem modelling is an important step to finding approximate values for the parameters
in the model. While this was performed for a specific mannequin—seat system, the approach is
sufficiently general to be applicable to other seat-mannequin systems. Reproducing the static
deformation of the foam prior to the dynamic testing is important as the stiffness is strongly
dependent on compression level. The subsystem modelling did not include estimation of the
torsional damping in the mannequin’s joints. The model response was sensitive to the torsional
damping in the joints, and therefore methods to estimate these parameters experimentally should be
established. Most of the model parameters had to be changed from the subsystem model
predictions to produce good agreement with the experimentally determined frequency response
function. The parameter tuning was done by using the parameter study results to guide the choice
of parameters to effect the modification of a particular frequency response feature. While this
extensive exploration gave much insight into the influence of model parameters, it would be
desirable to automate this procedure, using the subsystem parameter estimates as the starting point.

Whether the deficiency in the subsystem-based model predictions is due to the influence of
addition parameters in the full system that are unaccounted for in the model, e.g., surface friction
and shearing of the foam as the mannequin slides along the seat back, or is due to deficient
subsystem modelling needs to be investigated. The foam modelling is certainly deficient because it
is well known that foam is a viscoelastic material. The influence of viscoelastic behaviour has been
observed in experiments on car-seat foam conducted by the authors [11,17]. One extension of the
seat model would be the inclusion of discrete viscoelastic elements. It is important to know
whether it is essential to model these additional effects explicitly. Certainly, how their presence
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affects component parameters in the model should be evaluated and will be addressed in future
research. Currently research is also underway to develop similar models with non-linear springs,
surface friction effects and viscoelastic elements, that predicts the static settling point, a necessary
step to aid in the subsystem modelling stage in this dynamic model approach. Understanding
these issues is essential to developing links between fundamental material properties and seat—
mannequin model parameters, one step in the optimization of seat design for vibration comfort.
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Appendix A. Seat—-mannequin system model parameters

The parameters of geometric dimensions, masses, and mass moments of inertia, are given in
Table A.1.

Appendix B. Formulae for calculating the parameters in the non-linear model

Following is a list of the formulae used in the calculation of the elastic and damping terms on
the right-hand side of the Eq. (8).
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Table A.1
Parameter values for the seat-mannequin system and a 50% percentile male

Parameters Seat-mannequin system 50% percentile male
used in experiments

Mass of head (m) 3.988 4.536
Mass of torso, neck, pelvis and arms (n1,) 34.138 50.298
Mass of femur (m) 17.844 11.975
Mass of shin (m) 7.948 11.340
Total mass (M = m; + my + m3 + my) 63.918 78.149
Mass moment of inertia of head (7)) 0.02195 0.02497
Mass moment of inertia of torso, neck, pelvis and arms 1.39277 2.05207
()

Mass moment of inertia of femur (/3) 0.33520 0.22495
Mass moment of inertia of shin (/) 0.19732 0.28153
Length of head (/;) 0.1207 0.1727
Length of torso and pelvis (L + ) 0.6223 0.6248
Length of femur (Iy + I5) 0.5334 0.5283
Length of shin (Is + [7) 0.4572 0.4927
Initial angle of head (O) 100.0 100.0
Initial angle of torso (@) 110.0 110.0
Initial angle of femur (®3) 14.0 14.0
Initial angle of shin (@4) 320.0 320.0
Angle of foot () 50.0 50.0
Angle of seat (@) 110.0 110.0
Distance from seat corner to base of foot rest (/,) 0.9378 0.9378
Distance from the base of foot rest to heel (/,) 0.1397 0.1397
Distance from seat rail to seat cushion (/) 0.163 0.163
Distance from seat back joint to position of &y (/) 0.578 0.578
Distance from seat back joint to position of k; (/,,) 0.076 0.076
Length of seat-back (/) 0.800 0.800
Z dir. initial position of hip joint () 0.110 0.110
X dir. initial position of hip joint (&) 0.165 0.165

Units: length (m), angle (degrees), mass (kg), mass moment of inertia (kg m>).

where the definitions of the geometric parameters /;, i =1, 2...7, I, lx, Ly, la, I, 1, l;, and [,, are
given in Fig. 1, and the deflections ¢;, i = 1, 2, 3, 4 are defined below:

81 = VA(E L 02,0, — by,
fi =8+ + 20k — ln){Ecos @ + sin Oy} — 21 {E cos O +  sin O}
— 2l(Ix — 1)) {cos O cos O, + sin Oy sin O} + l,% + (I — lm)z,
H=E++ U — m){écos@z —?jsin@z-@2+Csin@2+lcos@2-@2}
— lk{€cos O — Esin O, - O, + {sin O + { cos O - O} — Il — 1)
X {cos O, sin O, - O, + sin O, cos O, - O — cos O, sin O, - O + sin O, cos O - @S},
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S10 = [& + G5 + 2Uk — Ln){&y cos O + Lo sin Ozg — 21 cos(Oz9 — O0)}

— 2l {&ycos Oy + (o sin Oy} + ll% + (e — lm)z] 1/2,

02 = \/f2(&, {, @) — 020,
fr=E+0 =2, {{sinO;+ Ecos O} + 1,
fr=EE+ L~ l,{écos Oy — Esin Oy - Oy + {sin Oy + ( cos O - O},

020 = [+ 8 — 2 Go sin O + & 005 O + 73],

5y = VAGL O3 — 60, Iy = —2

N COS@30,
fi= e+ 4 214{& cos O3 + {sin O3} — 2(4 + E){E + 14 cos O3} + lj + (4 + fo)za

fr=EE+ L+ 14{écos O3 — Esin @ - O3 + {sin O3 + { cos O3 - O3}

— (A + E)E+ 14(A + &Ep)sin O3 - B3,
030 = [{o + I4 sin O3],

l,+ 4
Oac = \VJa(E,(,03) = ar0, i =——— 1=, + A+,

cos Oz’

fae =&+ + 20 {Ecos O3 + {sin O3} — 201(& — Iy cos O3) + I + I3,
fax = EE+ L+ b {Ecos O3 — Esin O3 - O3 + {sin O3 + { cos O3 - O}
— [1(E+ Ly sin O5 - 3),

Sar0 = [(Eo + Lui €08 O30 — [1)* + (Lo + L sin O30)]'/2,

Iy + 4
dsc = Vf3cl&.0,03) = dacos = ———— ln =3¢+ A4+,

cos O3y
fae=E 4+ +20{Ecos O3 + [sin O3} — 2 [n(E — Ly cos O3) + 12 + I3,
fae = EEH L+ Lp{écos O3 — Esin O3 - O3 + {sin O3 + { cos O3 - O3}
— Ip(€ + Lp sin O3 - ©3),

S4c0 = [(&o + Lia €08 O30 — [n)* + (Lo + b sin O30)]'2,

ds = Vf5(6,(,03,04) — 050, l.=1,+1l,cosp, Il=1,—15sinp,

fs =&+ + 24+ 5){(E — L) cos O3 + ({ + Iy) sin O3}
+ 2(ls + I){(E — 1) cos O4 + ({ + 1) sin O} + 2(Iy + I5)(Is + [7) cos(@3 — BOy)
20l = 2L E+ P A B4 (g + I+ + 1),
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fs = EE+ L+ (s + I5){Ecos O3 — (& — 1) sin O3 - O3 + {sin O3 + (L + Iy) cos O3 - O3}
+ (g + 1) {Ecos Oy — (E —1.)sin Oy - Oy + {sin Og + (L + 17) cos Oy - Oy}
+ 1l — 1€+ (s + I5)Us + ) {sin(@3 — @4) - (B4 — 63)},

S50 = [{&o + (s + I5) cos @3 + (ls + 1) cos Oy — I}
+ {Lo + (la + I9)sin @ + (s + I7) sin O + 143°]'/2.

Here 6,,, i = 1, 2, 3, 4, 5 represent the nominal values of these variables.

Appendix C. Formulae for calculating the parameters in the stiffness and damping matrices of the
linear model

C.1. Stiffness matrix elements of Eq. (8)

This matrix is symmetric and thus only the elements in the upper triangular part are given
below.

ki

ka4
Kan =502+ 52 6y~ hcos 007 + 24 k2 4+ 55 (60 1 ko
70 020 S0 059
ki ko
K412 —TKIIKU + = 2 (60 - Zm COos @SO)(CO - lm sin @SO)
ka
+—=— K41 Ks» + (Cfo + K51)({o + Ks2),
5k4o 550
k ka ksK
K43 =0, Kjs= 5711(11[(13 (ke = ln), Kas= —K41K43 + ; e (&o + Ks1),
10 k40 50
ksK
Ky6 = 5255 (&o + Ks1),
959
Kin — kiK1 Kis  kaly(Eg — Ly cos Og) 1) sin Oy — Gy cos @so}
417 = 5 + 3
919 9%
ko ks
K422 52 K12 52 (CO lm sin @SO) + k% + = K42 52 (CO + KSZ)
10 240

k
Ki3 =0, Kgpgq= 5TIK12K13(Zk — L),
10
k3l i1 K, k ksK.
MELUEILEL nj; % 4 S KKy + 2 2 (Co + Ks2),
30

Kys = 3
k40 50



S.K. Kim et al. | Journal of Sound and Vibration 264 (2003) 49-90 87

ksKss kK2 K4 n kaly(So — b sin @) { &y sin Oy — ¢ cos @so}

Kie = —5(lo+ Ks2), Kaz=—3 5
950 910 9%

Ky =0 (i=1,....7),
kil — 1) Ki3K14

k
Kuss = 5TIK123(lk — 1), Kus=0, Kug=0, K=

2 b
10 97
KKk k k
Kyss = 2@3 + 24 K + TSK524, Kys6 = TSK54K55,
0% Ok 950 95
_ _ k5 2 _
Kys7 =0, K6 =5 K55, Kag1 =0,
95
k K? ka2 {& sin O — ¢y cos O
K — 12 TR 1<0 502 So so}
97 9%

C.2. Damping matrix elements of Eq. (8)

This matrix is also symmetric and thus only the elements in the upper triangular part are given
below. The subscript notation, when including a 0 indicates the initial configuration value of the
variable, about which the expansions were performed.

Cann = K121 = (&0 — lncos O0)* + — - Cfl - > (& + Ks1)
910 5 0 5
Cap = 52 KK + 57 (Co — I €08 O50)(Lo — L sin Oy)
10 20
c
+ 2— Cy1Cyp + Ts(fo + Ks51)(Co + Ks2),
c40 550
c c
Ca3 =0, Cua= 5TIK11K13(11< — ), Caqs= 52—4 Ca1 Cas + 2 54 (Co + Ks1),
10 c40 %
Carg = CsKss(é +Ks), Capr— 1K1 Ki4 n C2lm(So — I €08 O50){Eo sin Oy — ¢ €08 O}
5% ’ 3o 5% ’
c
Capp = 5711(122 2 L (Lo — bnsin @) + 3+ - Ch + 52 > (Lo + Ks2)',  Cas =0,
10 0
c3lyj31 Ko, csK
Cioa = - KioKis(l — ),  Cips = 201205 2 CipCus + = 54(Co + Ks»),
3o 930 5c40 3%
Cig = C5K55(Co +Ks), Cir— c1K12K 4 n C2ln(So — I 8In O50){<p sin Oy — o cos O}

550 5%0 530
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Cyz3 =T, =224642, Cuqa=-T)

max

e = —22.4642,  Cy3;,=0 (i=5,6,7)

¢
Caas = 5711(123(11« — L)+ T
10

max + Tznmx’ C445 = _T2mux’

Cue =0, Cy7= 52 )
10
C3K(%) Cq ks Cs
Ciss =524 > Ch+ Koy + Ts,, + Ts,,., Ciss=— KsaKss — T3,,, Cys7=0,
2 5 52 52
30 40 50 50
Cs
Ca66 = TK525 +13,,., Ci =0,
959
Con e © K}, ey I {&sinOy — ¢ocos Ogl?
477 — > + > .
T 9%

C.3. Parameters used in stiffness and damping elements

The parameters not defined in Appendices C.1 and C.2 are listed below.

A
Ko, =4 in ®
05 (Co + c0s O sin 30) ,

Kyt =&+ (e — ln) cos Oy — [ cos Oy, Ko = (o + (I — Ln)sin Oy — [ sin Oy,

Ki3 = {ycos Oy — & sin O — I sin(O 9 — O2p),
K41 =l cos O30 + &y — L,  Kap = 1y sin O30 + (o,

Kaz = L {1 sin @39 + o cos @39 — &y sin O3},

Cy1 = lpcos Ozg + &y — lp,  Cap = lypsin O3 + ,
Cy3 = lpptlp sin O30 + { cos O3 — &y sin O3},

Ksi = (I3 + Is) cos O3p + (I + I7) cos Oy — I,
Ksy = (ls + I5) sin O3 + (I + [7) sin Oy + 1y,

Ksq = (I4 + I5){({o + Ks2) cos @39 — (&p + Ks1) sin O3},
Kss = (Is + 17){({o + Ks2) cos @49 — (S + Ks1) sin Oyp .
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